We reconsider the minimal SU(5) Grand Unified Theory (GUT) in the context of no-scale supergravity, assuming that the soft supersymmetry-breaking parameters satisfy universality conditions at some input scale M in above the GUT scale M GU T . When setting up such a no-scale super-GUT model, special attention must be paid to avoiding the Scylla of rapid proton decay and the Charybdis of an excessive density of cold dark matter, while also having an acceptable mass for the Higgs boson. We do not find consistent solutions if none of the matter and Higgs fields are assigned to twisted chiral supermultiplets, even in the presence of Giudice-Masiero terms. However, consistent solutions may be found if at least one fiveplet of GUT Higgs fields is assigned to a twisted chiral supermultiplet, with a suitable choice of modular weights. Spin-independent dark matter scattering may be detectable in some of these consistent solutions.
Introduction
cold dark matter, while also having an acceptable value of the Higgs mass. Furthermore, when no-scale boundary conditions are applied at the GUT scale, the lightest sparticle in the spectrum is typically a stau (or the stau is tachyonic). Applying the boundary conditions above the GUT scale as in a super-GUT model can alleviate this problem [21] .
The outline of this paper is as follows. In Section 2, we review our theoretical framework, with our set-up of the minimal supersymmetric SU(5) model described in Subsection 2.1, our no-scale supergravity framework described in Subsection 2.2 and the vacuum conditions and the relevant renormalization-group equations (RGEs) set out in Subsection 2.3. We describe our key results in Section 3. We explore in Section 3.1 scenarios in which none of the matter and Higgs supermultiplets are twisted, and find no way to steer between Scylla and Charybdis with an acceptable Higgs mass in this case. However, as we show in Section 3.2, this is quite possible if one or the other (or both) of the GUT fiveplet Higgs supermultiplets is twisted. Spin-independent dark matter scattering may be observable in some of the cases studied. Finally, Section 4 discusses our results.
2 Super-GUT CMSSM Models
Minimal Supersymmetric SU(5)
The minimal supersymmetric SU(5) GUT [2] , was recently reviewed in [19] and we recall here the aspects most needed for our discussion. The minimal renormalizable superpotential for this model is given by
where Greek sub-and superscripts denote SU (5) 
where V ≡ 4µ Σ /λ , causing the GUT gauge bosons X to acquire masses M X = 5g 5 V , where g 5 is the SU(5) gauge coupling.
The multiplets H and H in Eq. (1) are 5 and 5 representations of SU (5), respectively, and contain the MSSM Higgs fields. In order to realize doublet-triplet mass splitting in the H and H multiplets, we impose the fine-tuning condition µ H − 3λV
V . In this case, the color-triplet Higgs states have masses M H C = 5λV , the masses of the color and weak adjoint components of Σ are M Σ = 5λ V /2, and the singlet component of Σ acquires a mass M Σ 24 = λ V /2.
The multiplets Φ i in Eq. (1) are 5 representations containing the left-handed SM matter fields D i and L i , and the Ψ i are 10 representations of SU (5) containing the left-handed Q i , U i , and E i , where the index i = 1, 2, 3 denotes the generations.
The soft supersymmetry-breaking terms in the minimal supersymmetric SU (5) GUT are 
where ψ i and φ i are the scalar components of Ψ i and Φ i , respectively, the λ A are the SU(5) gauginos. We use the same symbols for the scalar components of the Higgs fields as for the corresponding superfields.
No-Scale Framework
We refer to [22] for a derivation of the soft terms arising in no-scale supergravity 3 . Our starting-point is a no-scale Kähler potential
which includes a volume modulus field, T , and both untwisted and twisted matter fields, φ i and ϕ a respectively, the latter with modular weights n a . We consider a generic superpotential of the form
where c is an arbitrary constant, and W 2,3 denote bilinear and trilinear terms with modular weights that are in general non-zero. When φ, ϕ = 0, the effective potential for T is completely flat at the tree level, so it has an undetermined vev, and the gravitino mass
varies with the value of this volume modulus. We assume here that some Planck scale dynamics fixes T =T = c, and take c = 1/2 in the following. In a standard no-scale supergravity model with no twisted fields and with weights α = β = 0, we would obtain m 0 = A 0 = B 0 = 0. However, in the scenario (5) soft terms are induced, as were calculated in [22] , which are sector-dependent:
where we have assumed for simplicity that n a = 0. We also postulate in what follows generalized Giudice-Masiero terms [15] 
If H,H, and Σ are untwisted, these induce corrections to the µ and B terms:
If the fields are twisted, the shift in the µ-terms is the same, but the shift in Bµ is modified by −γ H,Σ c H,Σ → (2 − γ H,Σ )c H,Σ [22] . Although the corrections to the B terms are quite small, they are crucial for matching the GUT scale B terms onto the MSSM B term at the GUT scale, as we see below.
In the super-GUT version of the CMSSM model we impose the following universality conditions for the soft mass parameters at a soft supersymmetry-breaking mass input scale
with the input soft terms m 0 , A 0 and B 0 specified above. In the above expressions, and in expressions throughout the text, the ∆B contribution is neglected since it is so small. However, this contribution to the B-terms is included in all calculations in order to satisfy the B-term matching condition.
Vacuum Conditions and Renormalization-Group Equations
Since the B-term boundary conditions are specified at M in , we cannot use the Higgs minimization equations to determine B and the MSSM µ term as is commonly done in the MSSM. Instead, as in mSUGRA models, these conditions can be used to determine µ and tan β [11] as was done in the no-scale super-GUT models considered in [20] . In [20] , standard no-scale boundary conditions were used to identify regions of parameter space with acceptable relic density and Higgs mass. Typically, rather large values of tan β were found and, in addition, it was necessary to choose somewhat small values of the coupling λ = O(0.01) with much larger values of λ = O(1). All of these choices tend to decrease the proton lifetime to unacceptably small values [19] . In order to reconcile the proton lifetime with the relic density and Higgs mass, we need to consider lower values of tan β [9, 19, 24] , which can be accomplished when the GM terms (9) are included [13] [14] [15] 25] .
The soft supersymmetry breaking parameters are evolved down from M in to M GU T using the renormalization-group equations (RGEs) of the minimal supersymmetric SU(5) GUT, which can be found in [18, 20, [26] [27] [28] , with appropriate changes of notation. During the evolution, the GUT couplings in Eq. (1) affect the running of the soft supersymmetrybreaking parameters, which results in non-universality in the soft parameters at M GU T . In particular, the GUT coupling λ contributes to the running of the Yukawa couplings, the corresponding A-terms, and the Higgs soft masses. On the other hand, λ affects directly only the running of λ, m Σ , and A λ (besides λ and A λ ), and thus can affect the MSSM soft mass parameters only at higher-loop level. Both λ and λ contribute to the RGEs of the soft masses of matter multiplets only at higher-loop level, suppressing their effects on these parameters.
At the unification scale M GU T (defined as the renormalization scale where the two electroweak gauge couplings are equal), the SU(5) GUT parameters are matched onto the MSSM parameters. The matching conditions for the Standard Model gauge and Yukawa couplings were discussed in detail in [19] . The use of threshold corrections at the GUT scale [29] [30] [31] allow us to determine the SU(5) gauge coupling, g 5 , and the SU(5) Higgs adjoint vev, V , which in turn allows us to fix the gauge and Higgs boson masses as
which are inputs in the calculation of the proton lifetime. As explained in [19] , in order to allow both λ and λ to remain as free parameters, we must include a Planck-suppressed operator such as
where W ≡ T A W A denotes the superfields corresponding to the field strengths of the SU(5) gauge vector bosons. Such operators may make contributions comparable to other threshold corrections when Σ develops a vev [32] [33] [34] . We have checked that the coefficient c 5 takes reasonable values, i.e., |c 5 | < O(1).
The matching conditions for the soft supersymmetry-breaking terms were also discussed in detail in [19] . The matching conditions for the gaugino masses [34, 35] are given by We again find that the contribution of the dimension-five operator in Eq. (15) can be comparable to that of the one-loop threshold corrections. MSSM soft masses and the A-terms of the third generation sfermions, are given by
The MSSM µ and B terms are [36] 
The amount of fine-tuning required to obtain values of µ and B that are O(M SUSY ) is determined by these last two equations. From Eq. (20), we find that we need to tune
In standard no-scale supergravity, ∆ = 0 and this is stable against radiative corrections, as shown in Ref. [37] . As discussed in Ref. [19] , in order for Eq. (21) to have a real solution for B Σ , the condition A 2 λ 8m 2 Σ should be satisfied for λ λ. We have checked that this condition is always satisfied over the parameter space we consider in Section 3.
The MSSM µ and B parameters can be determined by using the electroweak vacuum conditions:
where ∆ B and ∆
(1,2) µ denote loop corrections [38] . These are run up to the GUT scale where the conditions (20) and (21) are applied. However, in standard no-scale supergravity, the right-hand side of (21) is determined by running down the A and B-terms set by A 0 = B 0 = 0 (and similarly for m 2 Σ ). Thus, (21) is not satisfied in general. Nevertheless, it is often possible to find a value of tan β that adjusts Bµ via (24) to have the correct value at the GUT scale. As noted earlier, this often leads to relatively large values of tan β and unacceptable low values for the proton lifetime.
Alternatively, we can introduce a GM term in the Kähler potential as in Eq. (9) . For now, we assume that all fields are untwisted with weight γ = −1. The shift in the µ-terms is O(M SUSY ) and is irrelevant to the matching condition (20) . Similarly the shifts in most of the terms in (21) 
Although this shift is also small, ∆ is multiplied by V /µ in (21), so that the overall shift in B is O(M SUSY ). Thus the shift in (21) becomes
up to O(M SUSY /M GUT ) corrections. This is now of comparable size to other terms in (21), which can be satisfied for any tan β. The matching condition (21), therefore determines a linear combination of the two GM terms. Our no-scale super-GUT model is therefore specified by the following set of input parameters:
where the trilinear superpotential Higgs couplings, λ and λ , are specified at Q = M GU T .
In the following we assume initially that all fields are untwisted, so that m 0 = 0, and assume vanishing modular weights α = β = 0, so that A 0 = B 0 = 0. Later we consider the effects of twisting one or both of the Higgs 5-plets and turning on the trilinear weight α in order to allow non-zero A 0 .
Results

Standard No-scale Supergravity with a GM Term
It is well known that the CMSSM with no-scale boundary conditions is not viable. With m 0 = A 0 = B 0 = 0, the particle spectrum almost inevitably contains either a stau lightest supersymmetric particle (LSP) or tachyonic stau. However, this problem can be alleviated if the universal boundary conditions are applied above the GUT scale [21] . In this case, the running from M in to M GUT produces non-zero soft terms that may be sufficiently large to produce a reasonable spectrum 4 . The basic no-scale super-GUT model was studied in detail in [20] . There it was found that, for sufficiently large M in , not only could a reasonable mass spectrum be obtained, but also regions of parameter space with the correct relic density and Higgs mass were identified. This region was further explored in [40] , with the aim of studying possible departures from minimal flavor violation. There, for example, a particular benchmark point was chosen with M 5 = 1500 GeV, M in = 10
18 GeV, λ = −0.1, λ = 2, which required tan β ≈ 52 as no GM term was included. One concern for this benchmark is the proton decay rate that is enhanced by the combination of large tan β and small λ (which induced a low value for the Higgs color triplet mass). Indeed, as we show below, the proton lifetime is far too small in this minimal SU(5) construction.
We show in Fig. 1 two examples of (m 1/2 , tan β) planes for fixed M in = 10 18 GeV. In the left panel, we have chosen λ = −0.1 and λ = 2. In the dark blue shaded strip, the neutralino LSP relic density agrees with the value determined by Planck and other experiments. To its left, in the brown shaded region the stau is either the LSP or tachyonic. The red dot-dashed contours show the value of the Higgs mass as computed using the FeynHiggs code [41] 5 . As one can see, there is a region at large tan β ∈ 52-55 for m 1/2 ∈ 1-1.5 TeV that corresponds to the preferred region found in [20] 6 . In this region the Higgs mass ∈ 122-124 GeV, which is acceptable given the uncertainty in the mass calculated using FeynHiggs. By including a GM term, we are able to probe lower values of tan β for the same set of input parameters. Unfortunately, the proton lifetime is much too small over the entire left panel, with a value of only 10 25 yrs in the upper left corner. We also show (in green) the contours of the GM term. In this case, since |λ| λ , we assume c H = 0 and show the contours of c Σ (m 3/2 /m 1/2 ) 2 7 . As one can see, the contour for c Σ = 0 runs through the region of good relic density and Higgs mass found in [20] .
In the right panel of Fig. 1 we show a similar plane but with different choices of (λ, λ ) = (1, 10 −5 ), which are more typical of the values required in [19] . In this case, with λ λ , the value of c Σ (m 3/2 /m 1/2 ) 2 is very near −0.25 all across the plane. As long as c H is relatively small, one can see from Eq. (26) that the value of c H has little effect on our estimate of c Σ (m 3/2 /m 1/2 ) 2 which are quoted assuming c H = 0. The large ratio of λ/λ is beneficial for increasing the proton lifetime, and contours showing the lifetime are seen as solid black curves in the lower right portion of the panel, labelled in units of 10 35 yrs 8 ; as the current experimental limit is τ (p → K + ν) > 6.6 × 10 33 yrs [44] , the region with acceptable proton stability lies below the contour labelled 0.066. Whilst it is encouraging that some region of parameter space exists with a sufficiently long proton lifetime and acceptable Higgs mass, the relic density is far too large in this region: Ωh 2 ∼ O(100). Further exploration in the (M in , λ, λ ) parameter space does not yield better results. The Higgs mass can be made compatible with either the relic density or the proton lifetime, but not both.
The left panel of Fig. 1 shows that, at fixed m 1/2 , the value of m h decreases rapidly when tan β 10. On the other hand, the right panel of Fig. 1 shows that the proton lifetime is unacceptably short for tan β 10. As we discuss below with several examples, these two problems can be avoided simultaneously when tan β = 7, for suitable choices of the other super-GUT model parameters M in , λ and λ . We do not discuss in the following possible 5 Note that here we use FeynHiggs version 2.11.3, which gives a slightly lower value of m h than the version used in [20] . In addition, since FeynHiggs does not produce stable results in the upper right portion of the plane, the Higgs contours terminate in this region. 6 The slight differences between these and past results arise mostly because here we do not force the strong gauge coupling to be equal to the electroweak couplings at the GUT scale. 7 We make no specific assumption about the magnitude of m 3/2 , except that it is large enough for the LSP to be the lightest neutralino, rather than the gravitino.
8 Details of the calculation of proton decay rates can be found in Refs. [9, 19, 24, 42] . Here, we have take the phases in the GUT Yukawa couplings [43] such that the proton decay rate is minimized [19] , which gives a conservative constraint on the model parameter space. 125  125  125  125  125  125 125  125 125  125  125  125  125  125  125  125  126  126  126  126  126  126   126  126  126  126  126  126  126  126  126 127  127  127  127  127  127  127  127 127 127  127  127  127  128  128  128  128 1.0×10 125  125  125  125  125  125  125  125  125  125  125  125  125  125  125  125  125  125  125  125  126  126  126  126  126  126  126  126   127  127  127  127  127  127  127  127  127  127  127  127   128  128 2 and the proton lifetime is too short throughout. In the right panel, the solid black contours show the proton lifetime in units of 10 35 yrs, which is acceptably long below the contour labelled 0.066. However, the relic density is too large throughout this region.
variations in the value of tan β, but have checked that values differing from 7 by factors 2 are typically excluded by either m h or the proton lifetime.
Twisted H and H Higgs Fields
In this subsection we consider departures from the minimal model discussed above that allow for more successful phenomenology. We start by considering the consequences of a twisted Higgs sector. As discussed above, tan β must be relatively low to obtain sufficiently long proton lifetimes. However, in order to obtain a sufficiently large Higgs mass, tan β should not be too low. Choosing tan β = 7 with λ = 10 −5 optimizes both m h and τ p , so we fix those values for now. In the following, we take λ = 0.6 and 1.
The superpotential (5) does not cover the case where twisted fields couple to untwisted fields. If the Higgs 5-plets are twisted, then W 3 contains Yukawa couplings between the twisted Higgses and untwisted matter fields. In addition, if Σ remains untwisted, then W 3 also contains a term coupling one untwisted field (Σ) and the twisted Higgs fields. We define weights for each of the terms in W 3 : α t , α b , α λ , and α λ corresponding to the top and bottom Yukawa couplings, the coupling of the Higgs adjoint to the 5-plets, and the adjoint trilinear, respectively. Similarly, we define separate weights β H and β Σ for the two bilinears in W 2 . When both H and H are twisted, A and B terms are given at the input renormalization scale by
and
The Higgs soft squared masses are given by m 2 3/2 in addition to the usual supersymmetric contribution from µ (properly shifted by the GM term).
We consider first the case where both Higgs 5-plets are twisted, and therefore receive equal soft supersymmetry breaking masses, m 1 = m 2 = m 3/2 . We start by taking all of the modular weights α = β = 0 as before. Now, however, there are non-zero A and B terms at the input scale. We assume A t,b = m 3/2 , A λ = 2m 3/2 , A λ = 0, B H = 2m 3/2 and B Σ = 0 at the input renormalization scale, M in . The (m 1/2 , m 1 ) plane for this case with M in = M GUT is shown in the left panel of Fig. 2 . This is the limiting case in which the super-GUT scenario reduces to an NUHM1 plane [8, 9, 45, 46] with m 0 = 0 and A 0 = m 1 . Note that the values of λ and λ are irrelevant when taking M in = M GUT as there is no running above the GUT scale in this case. There is narrow band where the LSP is the lightest neutralino and the electroweak symmetry breaking conditions can be satisfied, through which runs a blue relic density strip.
At low values of m 1/2 , the relic density is determined by stau coannihilation [47] , and the blue relic density strip lies close to the boundary of the stau LSP region (shaded red). At higher m 1/2 , the strip moves closer to the region with no electroweak symmetry breaking (shaded pink) and becomes a focus-point strip [48] . The Higgs mass (shown by the red dot-dashed contours between the two excluded regions) has acceptable values along much of the relic density strip. On the other hand, the proton lifetime is too short as the entire strip shown lies at or below the contour corresponding to τ p = 0.001 × 10
35 yrs (which appears as the black curve that enters the allowed region at about 5 TeV at an angle to the relic density strip). The right panel of Fig. 2 shows the corresponding plane with the following choices of modular weights: α t,b = 1, α λ = 2, α λ = 0, β H = 2 and β Σ = 0, which correspond to A 0 = B 0 = 0. This exhibits many features similar to the left panel. In particular, the relic density and proton lifetime constraints are incompatible, motivating our exploration of super-GUT scenarios.
In Fig. 3 , the model with all weights set to zero is assumed again, but now with M in = 10 16.5 GeV. The most dramatic difference between this model and the previous GUT model shown in the left panel of Fig. 2 is the disappearance of the stau LSP region as M in is increased above the GUT scale, an effect that was discussed in [18, 49] . In the super-GUT case even a small amount of running with m 0 = 0 between M GUT and M in is sufficient to restore a neutralino LSP. In the left panel of this figure, we have taken the Higgs coupling, λ = 0.6, whereas in the right panel λ = 1, fixing λ = 10 −5 in both panels. In this case, the relic density strip (which is little changed from the GUT model) lies close to the boundary where electroweak symmetry breaking is not possible (shaded pink), and is similar to the focus-point region of the CMSSM [48] . Another very obvious difference between the left panel of Fig. 2 and Fig. 3 is the value of the proton lifetime. With M in = M GUT , the entire strip shown has a lifetime τ p < 10 33 yrs, as it lies to the left of the contour labeled 0.01. However, the proton lifetime is significantly longer in both panels of Fig. 3 , and there are acceptable parts of the relic density strip where τ p > 0.066 × 10 35 yrs. Comparing the two panels allows one to see the effect of increasing λ on the proton lifetime. For λ = 0.6, the lifetime is sufficiently long for m 1/2 5 TeV, whereas for λ = 1 this is relaxed to m 1/2 2.5 TeV. Increasing λ much further is not possible due to its effect on the Yukawa couplings, as discussed in [19] . In both cases, the Higgs masses are reasonably consistent with 125 GeV, though due to the increased "bending" of the contours, the Higgs mass along the relic density strip is slightly lower for the larger value of λ 9 . The GM couplings are also acceptably small: in the GUT case shown in the left panel of Fig. 2 they are 1 across the plane, whereas in Fig. 3 c Σ (m 3/2 /m 1/2 ) 2 is of order 0.05 all along the relic density strip.
Since the strips with acceptable relic density in these models resemble the familiar focuspoint region [48] , one can expect that the spin-independent elastic scattering cross section on protons, σ SI , may be relatively large. Concentrating on the right panel of Fig. 3 , we have Fig. 1 . The pink shaded region corresponds to parameter choices where the electroweak vacuum conditions cannot be satisfied, and radiative electroweak symmetry breaking is not possible.
computed σ SI at two points: (m 1/2 , m 1 ) = (3100,6000) GeV and (4100, 8000) GeV. The resulting cross sections are σ SI = (1.24 ± 0.77) × 10 −8 pb and (1.90 ± 1.19) × 10 −9 pb with m χ = 930 GeV and 1400 GeV, respectively, where we have assumed Σ πN = 50 ± 8 MeV [50] and σ 0 = 36 ± 7 MeV [51] . The central value for the former point is slightly above the recent LUX [52] and PandaX [53] bounds, but remains acceptable when uncertainties in the computed cross sections are taken into account. Furthermore, using nucleon matrix elements computed with lattice simulations as in [54] would reduce the predicted cross section by more than a factor 2 due to the smallness of strange-quark content in a nucleon. However, in both the cases studied one may anticipate a positive signal in upcoming direct detection experiments such as LUX-Zeplin and XENON1T/nT [55] .
We consider next the case with the modular weights α t,b = 1, α λ = 2, α λ = 0, β H = 2 and β Σ = 0, so that A 0 = B 0 = 0 for all A and B terms. The right panel of Fig. 2 shows the (m 1/2 , m 1 ) plane for M in = M GUT , which is similar to that shown in the left panel when A and B terms are non-zero. The A and B terms are seen to affect somewhat the dependence on m 1 of the Higgs mass and the position of the relic density strip. The same case with A 0 = B 0 = 0 but M in = 10 16.5 GeV is shown in the left panel of Fig. 4 . Comparing this with the right panel of Fig. 3 , we see that the proton lifetime shows little dependence on A 0 and is similar in the two cases shown. For larger M in = 10
18 GeV with A 0 = B 0 = 0, as shown in the right panel of Fig. 4 , we see that the relic density strip shifts to larger values of m 1 and the proton lifetime is somewhat longer. Much of the allowed dark matter strip has an acceptably long proton lifetime. The effect of adjusting the modular weights does not have a major effect on the elastic scattering cross section. We consider next the case where only one of the Higgs 5-plets is twisted, so that
When H is twisted,
whereas when H twisted,
Thus, in either case we have non-universal A-terms related via the Yukawa couplings. We consider first the case with twisted H. Examples of (m 1/2 , m 1 ) planes for M in = 10
18 GeV are shown in Fig. 5 . In both panels, we have taken tan β = 7, λ = 1, and λ = 10 −5 . Since H remains untwisted, we have m 0 = m 2 = 0 and, since the two Higgs soft masses are unequal, this is an example of a super-GUT NUHM2 model [8, 9, 46, 56] 10 . The region where one obtains an acceptable relic density could be expected from the upper left panel of Fig. 14 in [46] , which shows an example of an (m 1 , m 2 ) plane for relatively low m 1/2 , m 0 and tan β. For m 2 = 0, we expect that there should be a funnel strip [6] where s-channel 10 The quoted sign of m 1 actually represents the sign of m The Higgs mass can be increased slightly by turning on the weight α t controlling A t . To determine the optimal value for α t , for all other A i = 0 and B i = 0, we scan over α t . In the left panel of Fig. 6 the resulting (A t , m 1/2 ) plane for fixed m 1 = −3000 GeV and m 0 = m 2 = 0 is shown. Once again, the pink shaded region is excluded as m 2 A < 0 and the constraints for electroweak symmetry breaking cannot be satisfied. The blue line (enhanced here for visibility) shows the position of the relic density funnel strip. We see that the largest value of the Higgs mass obtained is slightly larger than 124 GeV, which is reached when A t /|m 1 | ∼ 1. The proton lifetime is acceptably long for m 1/2 1.8 TeV along the dark matter strip, and the GM coupling shown by the green lines is −1.5 in this region. In the right panel, we show the corresponding (m 1/2 , m 1 ) plane with A t = m 1 and again all other A i = B i = 0. Here we see that the funnel strip extends to Higgs masses slightly larger than 124 GeV, where the proton lifetime is about 10 34 yrs. Points along the dark matter strip with m 1/2 1.7 TeV have an acceptably long proton lifetime. In both cases, displayed, the elastic cross sections are relatively small. Near the end point of the relic density strip where m 1 ≈ −3000 GeV, we find σ SI ≈ 2 × 10 −11 pb with m χ ≈ 950 GeV. Although this cross section is still above the neutrino background, it may be difficult to detect in the planned LUX-Zeplin and XENON1T/nT experiments. Finally, we consider the effects of twisting H leaving H untwisted. In this case, m 0 = m 1 = 0, and previous studies lead us to expect the relic density strip to lie at positive values of m 2 2 . Once again, we have taken tan β = 7, λ = 1, and λ = 10 −5 . In the left panel of Fig. 7 , we have taken α t = 1, α b = 0, α λ = 1, α λ = 0, β H = 1 and β Σ = 0, so that all A and B terms vanish at the input scale. In the pink shaded region, the EWSB conditions cannot be satisfied, but in this case it is because µ 2 < 0. Just to the right of the excluded region, we see the equivalent of the focus-point strip, where the LSP is mostly Higgsino. Still further to the right, we see two closely-spaced strips corresponding to the funnel region with a mostly bino-like LSP. For this choice of λ and λ , the proton lifetime is sufficiently long if m 1/2 1.8 TeV, but the Higgs mass is 123 GeV unless m 1/2 2.7 TeV. In the right panel of Fig. 7 , we again take all weights equal to 0, so that A t = m 2 , A b = 0, A λ = m 2 , A λ = 0, B H = m 2 , and B Σ = 0. In this case, the pink shaded region has m 2 A < 0 and we see the funnel strip running to values of m h > 125 GeV. Comparing this with the left panel, we see the effect of the non-zero value of A t on m h . In both panels we see that points along the dark matter strips with m 1/2 1.7 TeV have an acceptably long proton lifetime. Since we have both a focus point strip and a funnel region, there is more variation in the computed elastic cross section. Corresponding to the left panel of Fig. 7 , we considered points at m 2 = 4000 GeV with m 1/2 2700 GeV (focus point with m χ 900 GeV) and m 1/2 3200 GeV (funnel with m χ 1160 GeV). We found σ SI (2.2 ± 1.4) × 10 −8 pb and (1.2 ± 0.7) × 10 −10 pb respectively. At higher m 0 = 5000 GeV, the cross section on the focus point at m 1/2 1065 GeV drops to (6.4 ± 4.0) × 10 −9 pb and on the funnel at m 1/2 1530 GeV drops to (7.2 ± 4.5) × 10 −11 pb. When the weights are set to zero as in the right panel of Fig. 7 , we have only a funnel strip and the cross section is quite low. For (m 1/2 , m 2 ) = (1920,3000), we find σ SI (5.3 ± 3.3) × 10 −11 pb and for (m 1/2 , m 2 ) = (2965,4400), we find σ SI = (2.2 ± 1.4) × 10 −11 pb.
Discussion
We have shown in this paper that, if the matter and Higgs supermultiplets are all untwisted, super-GUT SU(5) models are unable to provide simultaneously a long enough proton lifetime, a small enough relic LSP density and an acceptable Higgs mass in the framework of noscale supergravity, even in the presence of a Giudice-Masiero term in the Kähler potential. However, all of these phenomenological requirements can be reconciled if one or both of the GUT Higgs fiveplets is twisted. We have exhibited satisfactory solutions for various values of the input super-GUT scale M in , the GUT Yukawa couplings that are important in the RGEs above the GUT scale, and the modular weights of the various matter and Higgs fields.
All the examples shown assume tan β = 7: significantly smaller values of tan β are largely excluded because m h is too small, and significantly larger values of tan β are largely excluded because the proton lifetime is too short. Spin-independent dark matter scattering may be observable in some of the cases studied. Although, as we have shown, many of the problems of the minimal SU (5) GUT model may be resolved in the no-scale SU (5) super-GUT, including rapid proton decay through dimension-5 operators, in a manner compatible with the dark matter density and the Higgs mass, other issues such as neutrino masses/oscillations remain unresolved. Moreover, the resolution of the minimal supersymmetric SU (5) GUT problems within the super-GUT and no-scale supergravity frameworks is quite constrained and somewhat contrived. It also remains unclear how an SU(5) GUT model could be embedded within string theory.
A natural alternative is the flipped SU (5)×U (1) framework proposed in [57] [58] [59] , which resolves automatically the problems mentioned above, and can be embedded with string theory. Choosing even the simplest strict no-scale boundary conditions m 0 = A 0 = B 0 = 0 at M in provides a very interesting flipped SU (5) framework that satisfies all the constraints from present low-energy phenomenology, including the relic dark matter density and the proton lifetime, and makes interesting predictions for Run 2 of the LHC [60] . Moreover, flipped SU(5) also contains a rationale for M in > M GU T , since the final unification of the SU(5) and U(1) gauge couplings could well occur at the string scale. We therefore plan to consider the possibility of a no-scale flipped SU(5) super-GUT in a forthcoming paper.
